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Abstract. It is shown that most possibly truncated power series rings 
admit uncountably many filtered A-ring structures. The question of 
how many of these filtered A-ring structures are topologically realizable 
by the /('-theory of torsionfree spaces is also considered for truncated 
polynomial rings. 



1. Introduction 

A A-ring is, roughly speaking, a commutative ring R with unit together 
with operations A', z > 0, on it that act hke the exterior power operations. It 
is widely used in Algebraic Topology, Algebra, and Representation Theory. 
For example, the complex representation ring R{G) of a group G is a A- 
ring, where A* is induced by the map that sends a representation to its ith 
exterior power. Another example of a A-ring is the complex iiT-theory of a 
topological space X. Here, A* arises from the map that sends a complex 
vector bundle r] over X to the ith exterior power of rj. In the algebra side, 
the universal Witt ring W(i?) of a commutative ring i? is a A-ring. 

The purpose of this paper is to consider the following two inter-related 
questions: 

• Classify the A-ring structures over power series and truncated poly- 
nomial rings. 

• Which ones and how many of these A-rings are realizable as (i.e. 
isomorphic to) the iT-theory of a topological space? 

The first question is purely algebraic, with no topology involved. One can 
think of the second question as a i^T-theoretic analogue of the classical Steen- 
rod question, which asks for a classification of polynomial rings (over the 
field of p elements and has an action by the mod p Steenrod algebra) that 
can be realized as the singular mod p cohomology of a topological space. 

In addition to being a A-ring, the ii'-theory of a space is filtered, making 
K{X) a filtered A-ring. Precisely, by a filtered X-ring we mean a filtered 
ring {R, {R = D D ■ ■ ■}) m which R is a, A-ring and the filtration 
ideals /" are all closed under the A-operations A* (i > 0). It is, therefore. 
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more natural for us to consider filtered A-ring structures over filtered rings. 
Moreover, we will restrict to torsionfree spaces, i.e. spaces whose integral 
cohomology is Z-torsionfree. The reason for this is that one has more control 
over the ET-theory of such spaces than non-torsionfree spaces. 

A discussion of our main results follow. Proofs are mostly given in later 
sections. Our first result shows that there is a huge diversity of filtered 
A-ring structures over most power series and truncated polynomial rings. 

Theorem 1.1. Let xi,...,Xn be algebraically independent variables with 
the same (arbitrary but fixed) filtration d > 0, and let ri,...,rn be inte- 
gers > 2, possibly oo. Then the possibly truncated power series filtered ring 
Z[[xi, . . . , Xn]]/ {x\^ , . . . , x"^) admits uncountably many isomorphism classes 
of filtered X-ring structures. 

Here xf^ is by definition equal to 0. In particular, this Theorem covers 
both finitely generated power series rings and truncated polynomial rings. 
The case rj = oo (1 < i < n) is proved in ^2]- In this case, there are uncount- 
ably many isomorphism classes that are topologically realizable, namely, by 
the spaces in the localization genus of (BS^)^"^. The remaining cases are 
proved by directly constructing uncountably many filtered A-rings. In gen- 
eral, there is no complete classification of all of the isomorphism classes of 
filtered A-ring structures. However, such a classification can be obtained 
for small truncated polynomial rings, in which case we can also give some 
answers to the second question above. This will be considered below after 
a brief discussion of Adams operations. 

Adams operations. The results below are all described in terms of Adams 
operations. We will use a result of Wilkerson jlOJ on recovering the A-ring 
structure from the Adams operations. More precisely, Wilkerson's Theo- 
rem says that if i? is a Z-torsionfree ring which comes equipped with ring 
endomorphisms xp^ {k > 1) satisfying the conditions, (1) = Id and 
ip'^if;'- = ifj^^ = Tp^ifj^ and (2) ■0^(r) = (mod pR) for each prime p and 
r € R, then R admits a unique A-ring structure with the as the Adams 
operations. The obvious filtered analogue of Wilkerson's Theorem is also 
true for the filtered rings considered in Theorem 11.11 Therefore, for these 
filtered rings, in order to describe a filtered A-ring structure, it suffices to 
describe the Adams operations. 

When there are more than one A-rings in sight, we will sometimes write 
to denote the Adams operation ■0" in R. 

Truncated polynomial rings. Consider the filtered truncated polynomial 
rings (Z[x]/(j;"'), = d) and (Z[x]/(a;"), |a;| = d'), with x in filtration ex- 
actly d > and d' > 0, respectively. Let A^ denote the set of isomorphism 
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classes of filtered A-ring structures over (Z[x]/(x"), |x| = d). Define A^' sim- 
ilarly. Then it is obvious that A,^ and A^/ are in one-to-one correspondence, 
and there is no reason to distinguish between them. Indeed, for i? G A^ 
one can associate to it R' € A^/ such that ip'^{x) = il:^,{x) as polynomials 
for all and this construction gives the desired bijection between A^ and 
h-di . Therefore, using the above bijections, we will identify the sets A^^ for 
d = 1,2,..., and write A(Z[x]/(x")) for the identified set. Each isomor- 
phism class of filtered A-ring structures on Z[x]/(a;") with |x| G {1, 2, . . .} is 
considered an element in A(Z[j;]/(x")). 

When there is no danger of confusion, we will sometimes not distinguish 
between a filtered A-ring structure and its isomorphism class. 

We start with the simplest case n = 2, i.e. the dual number ring Z[x]/(x^). 

Theorem 1.2 (= Corollary 4.1.2 in jlljl. There is a bijection between 
A{Z[x]/{x'^)) and the set of sequences (bp) indexed by the primes in which the 
component bp is divisible by p. The filtered X-ring structure corresponding 
to (bp) has Adams operations ip'P(x) = bpX. 

Moreover, such a filtered X-ring is isomorphic to the K-theory of a tor- 
sionfree space if and only if there exists an integer k > 1 such that bp = p^ 
for all p. 

Therefore, in this case, exactly countably infinitely many (among the 
uncountably many) isomorphism classes are topologically realizable by tor- 
sionfree spaces. Indeed, the /C-theory of the even-dimensional sphere S"^^ 
realizes the filtered A-ring with bp = p^ for all p. On the other hand, if X is 
a torsionfree space with K{X) = Z[x]/(j;^), then ip'P{x) = p^x for all p \i x 
lies in filtration exactly 2k 2, Corollary 5.2]. 

In what follows we will use the notation 9p{n) to denote the largest integer 
for which divides n, where p is any prime. By convention we set 

OpiO) = -CO. 

To study the case n = 3, we need to consider the following conditions for 
a sequence (bp) of integers indexed by the primes: 

(A) : 62 7^ 0, 6p = (mod p) for all primes p, and bp{bp — 1) = 
(mod 2^2 (f'2)) for ah odd primes p. 

(B) : Let (bp) be as in (A). Consider a prime p > 2 (if any) for which 
bp^O and Opibp) = mm{9p{bg{bg - 1)) : bg / 0}. 

We will call them conditions (A) and (B), respectively. Notice that in (B), 
dp{bp) = 9p{bp{bp — 1)), since p does not divide {bp — 1). Moreover, there 
are at most finitely many such primes, since each such p divides 62(^2 — 1)) 
which is non-zero. 
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The following result gives a complete classification for A(Z[x]/(x^)), the 
set of isomorphism classes of filtered A-ring structures over the filtered trun- 
cated polynomial ring Z[3;]/(a;^). As before we will describe a A-ring in terms 
of its Adams operations. 

Theorem 1.3. Let R be a filtered X-ring structure on Zi[x]/{x^). Then R 
is isomorphic to one of the following filtered X-rings: 

(1) S{{cp)) = {'tpP{x) = Cpx"^ : p prime} with C2 = 1 (mod 2) and Cp = 
(mod p) for p > 2. Moreover, any such sequence (cp) gives rise to 
an element o/ A(Z[x]/(x^)), and two such filtered X-rings, S{{cp)) 
and S{{cp)), are isomorphic if and only if (cp) = ±(Cp). 

(2) S{{bp),k) = {ipPix) = bpX + Cpx'^ : p prime} with (bp) satisfying 
condition (A) above and the Cp having the following form. Let 
pi,...,Pn be the list of all odd primes satisfying condition (B) 
above. Then there exists an odd integer k such that, writing G for 
gcd(6p(6p — 1) : all primes p), 

• l<k< G/2, 

• k = (mod pi • ■ -pn), CLnd 

• Cp = kbp{bp — 1)/G for all primes p. 

Moreover, any such pair {{bp),k) gives rise to an element of 
A(Z[x]/(x^)). Two such filtered X-rings, S{{bp),k) and S{{bp),k'), 
are isomorphic if and only if bp = bp for all primes p and k = k' . 
No S{{cp)) is isomorphic to any S{{bp),k). 

Notice that in this Theorem, there are uncountably many isomorphism 
classes in each of cases (1) and (2). Also note that if there is no prime p 
satisfying condition (B), then pi---pn is the empty product (i.e. 1), and 
A; = (mod pi • • ■ Pn) is an empty condition. 

In case (2), if {bp) satisfies condition (A), then it follows that there are 
exactly 
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isomorphism classes of filtered A-ring structures over Zi[x]/{x^) with the 
property that 'ip^{x) = bpX (mod x^) for all primes p. Here \s~\ denotes the 
smallest integer that is greater than or equal to s. Applying formula (|1.3.1|) 
to the cases (bp) = {p^), where r € {1,2,4}, we see that there are a total of 
64 elements in A(Z[a;]/(x^)) satisfying ^p(x) = p^x (mod x^) for all primes 
p. In fact, there is a unique such element when r = 1 (/c = 1), three such 
elements when r = 2 (A; € {1,3,5}), and sixty such elements when r = 4 
(fc G {1,3, . . . , 119}). This simple consequence of Theorem 11.31 leads to the 
following upper bound for the number of isomorphism classes of filtered A- 
ring structures over Z[x]/(x^) that are topologically realizable by torsionfree 
spaces. 
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Corollary 1.4. Let X be a torsionfree space whose K-theory filtered ring is 
Zi[x]/{x^). Then, using the notation of Theorem li.M K(X) is isomorphic 
as a filtered X-ring to k) for some r € {1, 2, 4} and some k. In par- 

ticular, at most 64 of the uncountahly many isomorphism classes of filtered 
X-ring structures on Z[x]/(x'^) can be topologically realized by torsionfree 
spaces. 

Indeed, if X is a torsionfree space whose i^-theory filtered ring is 
Z[x]/(a;^), then by Adams's result on Hopf invariant 1 ^.1 , the generator 
X must have filtration exactly 2, 4, or 8. When the filtration of x is equal 
to 2r, one has tljP{x) = p^x (mod x^) for all primes p. Therefore, by Theo- 
rem E31 -f^l-'^) must be isomorphic to S{{p'^),k) for some r € {1,2,4} and 
some k. The discussion preceding this Corollary then implies that there are 
exactly 64 such isomorphism classes of filtered A-rings. 

It should be remarked that at least 3 of these 64 isomorphism classes 
are actually realized by spaces, namely, the projective 2-spaces FP^, where 
P denotes the complex numbers, the quaternions, or the Cayley octonions. 
These spaces correspond to r = 1,2, and 4, respectively. Further work 
remains to be done to determine whether any of the other 61 filtered A-rings 
in Corollarv 11.41 are topologically realizable. 

Before moving on to the case n = 4, we would like to present another 
topological application of Theorem 11.31 which involves the notion of Mislin 
genus. Let X be a nilpotent space of finite type (i.e. its homotopy groups 
are all finitely generated and vrn(X) is a nilpotent 7ri(X)-module for each 
n > 2). The Mislin genus of X, denoted Genus(X), is the set of homotopy 
types of nilpotent finite type spaces Y such that the ^-localizations of X and 
Y are homotopy equivalent for all primes p. Let H denote the quaternions. 
It is known that Genus(HP°°) is an uncountable set ^9,. Moreover, these 
uncountably many homotopically distinct spaces have isomorphic i^-theory 
filtered rings 12^ but pairwise non-isomorphic iT-theory filtered A-rings 
In other words, ii'-theory filtered A-ring classifies the Mislin genus of HP°°. 
It is also known that Genus(HP^) has exactly 4 elements fTJ. We will now 
show that the genus of HP^ behaves very differently from that of HP°° as 
far as X-theory filtered A-rings are concerned. 

Corollary 1.5. K-theory filtered X-ring does not classify the Mislin genus 
of HP^ . In other words, there exist homotopically distinct spaces X and Y 
in Genus(HP^) whose K-theory filtered X-rings are isomorphic. 

Indeed, an argument similar to the one in [T^ shows that the 4 homotopi- 
cally distinct spaces in the Mislin genus of HP^ all have Z[a;]/(x'^) as their 
X-theory filtered ring, with x in filtration exactly 4. Therefore, in each one 
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of these A-rings, we have ip'^'ix) = p^x (mod x^) for all primes p. The Corol- 
lary now follows, since by Theorem ll.31 there are only 3 isomorphism classes 
of filtered A-ring structures on Z[x]/(a;^) of the form S{{p^),k) because k 
must be 1, 3, or 5. It is still an open question as to whether X-theory filtered 
A-ring classifies the genus of HP" for 2 < n < oo. 

We now move on to the case n = 4, i.e. the filtered truncated polynomial 
ring Z[rE]/(x^). A complete classification theorem along the lines of Theorem 
11.21 and Theorem 11.31 has not yet been achieved for n > 4. However, some 
sort of classification is possible if one imposes certain conditions on the linear 
coefficients of the Adams operations that usually appear in the X-theory of 
spaces. 

Theorem 1.6. Let R be an element o/ A(Z[x]/(x^)). 

(1) If Tp^ix) = px (mod x^) for all primes p, then R is isomorphic to 
the filtered X-ring structure with ^"^{x) = (1 -|- xY — 1 for all primes 
p. 

(2) // il^^{x) = p^x (mod x^) for all primes p, then R is isomorphic 
to one of the following 60 mutually non-isomorphic filtered X-ring 
structures on Z[x]/{x^): 

12 

where k G {1, 5}, d2 G {0, 2, 4, ... , 58}, and 

^ p\p^-l)d2 fcV(p^-l)(p2-4) 
^ 60 360 ^ ' ' ^ 

for odd primes p. 

(3) In general, if ip^{x) = bpX (mod x^) with bp ^ for all primes p, 
then there are only finitely many isomorphism classes of filtered X- 
ring structures S over Z[x]/(x^) such that ^^(x) = bpX (mod x^) 
for all primes p. 

(4) // (in the notation of the previous statement) 62 = 0, then R is 
of the form S{{cp), (dp)) = {ipP{x) = Cpx'^ + dpX"^}. Any such col- 
lection of polynomials gives rise to a filtered X-ring structure, pro- 
vided that iJjP{x) = x^ (mod p) for all primes p. Two such filtered 
X-rings, S{{cp),{dp)) and S {{cp) , (dp)) , are isomorphic if and only 
if (i) {cp) = ±(cp) and (ii) there exists an integer a such that 
dp = dp + 2cpa for all primes p. 

The first two statements of this Theorem immediately leads to the fol- 
lowing upper bound for the number of isomorphism classes of filtered A-ring 
structures on Z[x]/(x^) that can be topologically realized by torsionfree 
spaces. 



S{k,d2) = {^P{x)=p'^x + ^ ' x^ + dpX' 



ON A-RINGS AND TOPOLOGICAL REALIZATION 



7 



Corollary 1.7. Let X he a torsionfree space whose K -theory filtered ring 
is Z[x]/(x^). Then, as a filtered X-ring, K{X) is isomorphic to one of the 
filtered X-rings described in parts (1) and (2) in Theorem M. 61 In particular, 
at most 61 of the uncountahly many isomorphism classes of filtered X-ring 
structures on Z[x]/(j;^) can he realized as the K -theory of a torsionfree space. 

Indeed, if X is such a space, then the filtration of x must be exactly 2 or 
4 Corollary 4L.10], and therefore the linear coefficient of ij)^{x) for any 
prime p must be p (if the filtration of x is 2) or p^ (if the filtration of x is 
4). So the result follows immediately from Theorem 11.61 

It should be noted that at least 2 of the 61 isomorphism classes in the 
first two statements of Theorem 11.61 are topologically realizable, namely, by 
the projective 3-spaces FP^, where F is either the complex numbers or the 
quaternions. The iT-theory of the former space is case (1) in Theorem II. 6| 
while the latter space has S{1, 0) as its if -theory. It is still an open question 
as to whether any of the other 59 isomorphism classes are topologically 
realizable. 

What happens when n > 4, as far as the two questions stated in the 
beginning of this Introduction are concerned, are only partially understood. 
We will discuss several conjectures and some partial results in this general 
setting. 

Concerning the problem of topological realizations, we believe that the 
finiteness phenomenon in Corollary 11.41 and Corollary 11.71 should not be 
isolated examples. 

Conjecture A. Let n he any integer > 3. Then, among the uncountahly 
many isomorphism classes of filtered X-ring structures over the filtered trun- 
cated polynomial ring Zi[x]/{x'^), only finitely many of them can he realized 
as the K-theory of torsionfree spaces. 

As mentioned above, the cases n = 3 and 4 are known to be true. Just like 
the way Corollary 11.41 and Corollary 11.71 are proved, one way to approach 
this Conjecture is to consider A-rings with given linear coefficients in its 
Adams operations. More precisely, we offer the following conjecture. 

Conjecture B. Let n he any integer > 3 and let {bp S pZ: p prime} he 
non-zero integers. Then there exist only finitely many isomorphism classes 
of filtered X-ring structures on Z[a;]/(x") with the property that ip^{x) = bpX 
(mod x"^) for all primes p. 

In fact. Conjecture A for n > 4 would follow from the cases, (bp = p) and 
{bp = p^), of Conjecture B. The n = 3 case of Conjecture B is contained 
in Theorem 11.31 Moreover, ()1.3.1|) gives the exact number of isomorphism 
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classes in terms of the bp. One plausible way to prove this Conjecture is to 
consider extensions of A-ring structures one degree at a time. 

Conjecture C. Let n be any integer > 3 and let R and S be isomorphic 
filtered X-ring structures on Z[x]/(x"'). Then there exists an isomorphism 
a: R ^ S with the following property: If R is a filtered X-ring structure on 
Z[x]/{x^'^^) such that ip^{x) = ip^{x) (mod x") for all primes p, then 

S 'M yP-{x) = (fj-i o o a){x) £ Z[x]/(x"+i) : p primes'^ (1.7.1) 
is also a filtered X-ring structure on Z[x]/(x"^^). 

Here (t(x) is considered a polynomial in both Zi[x]/(x"') and Z[x]/{x'^~^^), 
and a~^{x) is the (compositional) inverse of cr[x) in Z[x]/[x'^^^). In the 
definition of 'ip^{x), the symbol o means composition of polynomials. 

Observe that for any isomorphism a: R ^ S, one has that (V'^oV'|)(2^) = 
(^/;| o ip^-){x) for all primes p and q. Thus, to prove Conjecture C, one only 
needs to show that il>^{x) = x^ (mod p) for all primes p. Furthermore, if 

Conjecture C is true, then a induces an isomorphism R = S. Denote by 
the set of isomorphism classes of filtered A-ring structures R over Z[x]/(x"^"^) 
such that ip^{x) = ip^{x) (mod x") for all primes p, and define As similarly 
with S replacing R. Since ip^{x) = tpg{x) (mod x") for all primes p and any 
isomorphism r: R ^ S, it follows that Conjecture C implies that a induces 
an embedding Ar ^ As- In particular, Conjecture B would follow from 
Conjecture C and the following finiteness result. 

Theorem 1.8. Let n be any integer > 3, and let Op^i be integers for p primes 
and 1 < i < n — 2 with ap^i ^ for every p. Then the number of isomorphism 
classes of filtered X-ring structures R on Z[x]/(x") satisfying 

V'^(x) = ap,ixH hap^n-2x"'~^ (mod x"~^) (1.8.1) 

for all primes p, is at most min||apY^ ~ Op.il '■ P primes} . 

Notice that if Conjecture C is true for n < N for some A^, then, using 
Theorem 11.81 one infers that Conjecture B is true for n < + 1, which 
in turn implies Conjecture A for n < A^ + 1. We summarize this in the 
following diagram. 

{(Conjecture C)n<N + Theorem 11.81 } =^ (Conjecture B)„<Ar+i 

=^ (Conjecture A)„<7v+i 

In view of these implications, even partial results about Conjecture C would 
be of interest. 

It was mentioned above that in order to prove Conjecture C, one only 
needs to prove the congruence identity, ^^Jx) = x^ (mod p), for all primes 
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p. In fact, this only needs to be proved for p < n, since the following result 
takes care of the rest. 

Theorem 1.9. Let the assumptions and notations be the same as in the 
statement of Conjecture C. If a : R ^ S is any filtered X-ring isomorphism, 
then 4^^{x) = x'P (mod p) for all primes p > n. 

Using this result, one can show that Conjecture C is true for some small 
values of n. More precisely, we have the following consequence of Theorem 
Ol 

Corollary 1.10. Conjecture C is true for n = 3,4, and 5. Therefore, 
Conjecture B and Conjecture A are true for n = 3,4,5, and 6. 

This Corollary will be proved by directly verifying the congruence identity 
about il^^{x) for p < n. The arguments for the three cases are essentially 
the same, and it does not seem to go through for n = 6 (see the discussion 
after the proof of this Corollary) . A more sophisticated argument seems to 
be needed to prove Conjecture C in its full generality. 

Organization. The rest of this paper is organized as follows. The following 
section gives a brief account of the basics of A-rings and Adams operations, 
ending with the proof of Theorem 11.11 Proofs of Theorems 11.31 and 11.61 are 
in the two sections after the following section. The results concerning the 
three Conjectures, namely. Theorems 11.81 and 11.91 and Corollary ll.lUl are 
proved in the final section. 

2. Basics of A-rings 

The reader may refer to the references [21 El for more in-depth discussion 
of basic properties of A-rings. We should point out that what we call a A-ring 
here is referred to as a "special" A-ring in All rings considered in this 
paper are assumed to be commutative, associative, and have a multiplicative 
unit. 

2.1. A-rings. By a X-ring, we mean a commutative ring R that is equipped 
with functions 

X': R ^ R (i > 0), 
called A-operations. These operations are required to satisfy the following 
conditions. For any integers i,j > and elements r and s in R, one has: 

• AO(r) = 1. 

• A^(r) = r. 

• A*(l) = for f > 1. 
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. A^(r + s) = ELo A^^WA^-^^). 

. y{rs) = P^XHr), • • • , A^W; A^^), • • • , 

. A^(A^(r)) = P,,,(Ai(r),...,A^^(r)). 

The Pi and Pij are certain universal polynomials with integer coefficients, 
and they are defined using the elementary symmetric polynomials as follows. 
Given the variables ■ ■ ■ - ^i and r/i, . . . , rji, let .si, . . . , Si and (Ti, . . . , (jj, 
respectively, be the elementary symmetric functions of the ^'s and the 
rj's. Then the polynomial Pj is defined by requiring that the expression 
Pi{si,...,Si;ai,..., ai) be the coefficient of f in the finite product 

i 

n i^+UVnt). 
m,n=l 

The polynomial Pij is defined by requiring that the expression Pij{si, . . . , Sij) 
be the coefficient of V in the finite product 

h<--<lj 

A A-ring map is a ring map which commutes with all the A-operations. 

By a filtered ring, we mean a commutative ring R together with a de- 
creasing sequence of ideals 

R = D D D ■■■ . 

A filtered ring map / : i? — > is a ring map that preserves the filtrations, 
i.e. /(/g) C for all n. 

A filtered \-ring is a A-ring R which is also a filtered ring in which each 
ideal /" is closed under A* for i > 1. Suppose that R and S are two filtered 
A-rings. Then a filtered A-ring map f : R ^ S is a A-ring map that also 
preserves the filtration ideals. 

2.2. Adams operations. There are some very useful operations inside a 
A-ring R, the so-called Adams operations 

tP^'-.R^R (n>l). 

They are defined by the Newton formula: 

^"(r) - X\r)ilj''-\r) + ■■■ + (-1)'^-^ X''-\r)4;\r) + (-l)'^nA'^(r) = 0. 

Alternatively, one can also define them using the closed formula 

= Qk{X\...,X''). 

Here Qk is the integral polynomial with the property that 

Qjfc(cri, . . . ,crfe) = Xi + ■■■ + xl, 

where the CTj are the elementary symmetric polynomials of the x's. The 
Adams operations have the following properties: 
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(1) All the are A-ring maps on R, and they preserve the filtration 
ideals if i? is a filtered A-ring. 

(2) = Id and V^V'" = V'™" = 

(3) ^P{r) = rP (mod pR) for each prime p and element r in iZ. 

A A-ring map / is compatible with the Adams operations, in the sense that 
/t/;" = for all n. 

The following simple observation will be used many times later in this 
paper. Suppose that R and S are A-rings with S Z-torsionfree and that 
f : R ^ S is a ring map satisfying fip^ = tp^f for all primes p. Then / is 
a A-ring map. Indeed, it is clear that / is compatible with all by (2) 
above. The Newton formula and the Z-torsionfreeness of S then imply that 
/ is compatible with the A" as well. 

As discussed in the Introduction, Wilkerson's Theorem jlOj says that if R 
is a Z-torsionfree ring equipped with ring endomorphisms ip^ [n > 1) satisfy- 
ing conditions (2) and (3) above, then there exists a unique A-ring structure 
on R whose Adams operations are exactly the given ip"'. In particular, over 
the possibly truncated power series filtered ring Z[[xi, . . . , , • • • , xl^) 

as in Theorem II. 11 a filtered A-ring structure is specified by power series 
ip^{xi) without constant terms, p primes and 1 < i < n, such that 



for all such p and i. 

2.3. Proof of Theorem ITTl 

Proof. Denote by R the possibly truncated power series filtered ring 
Z[[xi, . . . , Xn]]/ {xY , • • • , a^n") in the statement of Theorem ll.il 

As was mentioned in the Introduction, the case rj = cxd for all i is proved 
in ^2j. It remains to consider the cases when at least one is finite. 

Assume that at least one is finite. Let be the maximum of those rj 
that are finite. For each prime p > N and each index j for which rj < oo, 
choose an arbitrary positive integer bpj £ pZ such that bpj > rj and hp j ^ p. 
There are uncountably many such choices, since < oo and there are 
countably infinitely many choices for hpj for each p > N. Consider the 
following power series in R: 



^P'{r{x^)) 



(2.2.1) 



and 



ip^{xi) = x\ (mod p) 



(2.2.2) 




(1 + - 

{l + Xi)P-l 



1 a p> N and r j < oo 
otherwise. 



(2.3.1) 
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Here p runs through the primes and i = 1,2, . . . ,n. The cohection of power 
series {tpP{xi) : 1 < i < n} extends uniquely to a filtered ring endomorphism 
^jP of R. 

We first claim that these endomorphisms ip^, p primes, are the Adams 
operations of a filtered A-ring structure S on R. Since R is Z-torsionfree, 
by Wilkerson's Theorem jJOl) it suffices to show that 

= ^i^P (2.3.2) 

and that 

il^Pir) = rP (mod pi?) (2.3.3) 
for all primes p and q and elements r G R. Both of these conditions are 
verified easily using (|2.3.1() . Equation H2.3.2|) is true because it is true when 
applied to each Xi and that the Xj are algebra generators of R. Equation 
(|2.3.3|) is true, since it is true for each r = Xi. 

Now suppose that S is another filtered A-ring structure on R constructed 
in the same way with the integers {Spj}- (Here again p runs through the 
primes > A'^ and j runs through the indices for which Tj < oo.) So in S, 
ipP{xi) looks just like it is in H2.3.1|) . except that bp^i is replaced by bp^i. 
Suppose, in addition, that there is a prime q > N such that 

as sets. We claim that S and S are not isomorphic as filtered A-rings. 

To see this, suppose to the contrary that there exists a filtered A-ring 
isomorphism 

Let J be one of those indices for which is finite. Then, modulo filtration 
2d, one has 

cr(xj) = a\X\ H V anXn 

for some oi, . . . , a„ € Z, not all of which are equal to 0. If = co, we set 
bq^i = q. Equating the linear coefficients on both sides of the equation 

aip'^{xj) = il)'^a{xj), 

one infers that 

If 7^ (and such an must exist), then 

for some i. In particular, it follows that {bqj} is contained in {bqj}. There- 
fore the two sets are equal by symmetry. This is a contradiction. 

This finishes the proof of Theorem 11.11 □ 
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3. Proof of Theorem 11.31 

First we need to consider when a collection of polynomials can be the 
Adams operations of a filtered A-ring structure on Z[x]/(x'^). We will con- 
tinue to describe A-rings in terms of their Adams operations. 

Lemma 3.1. A collection of polynomials, {'ip^{x) = bpX + CpX^: p prime}, 
in Z[x]/{x^) extends to (the Adams operations of) a filtered X-ring structure 
if and only if the following three statements are satisfied: 

(1) bp = (mod p) for all primes p, 

(2) C2 = 1 (mod 2) and Cp = (mod p) for all primes p > 2, and 

(3) (6^ — hq)cp = {bp — bp)cq for all primes p and q. 

Now suppose that these conditions are satisfied. If 62 7^ 0, then {bp — bp) = 
(mod 2^2{''2)) jgj- (j^ii Qfifi primes p. 1/62 = 0, then bp = for all odd primes 
P- 

Proof. The polynomials ip'^{x) in the statement above extend to a filtered 
A-ring structure on Z[x]/(x^) if and only if H2.2.1|) and H2.2.2() are satisfied. 
Expanding ^P{'ip'^{x)) one obtains 

l/jP {ip'^ {x)) = bp{bqX + CqX^) + Cp{bqX + Cqx"^)"^ 

= {bpbq)x + {bpCq + blcp)x^. 

Using symmetry and equating the coefficients of x^, it follows that ()2.2.1() 
in this case is equivalent to 

{bl-bq)Cp = {bl-bp)Cq. (3.1.1) 

It is clear that 1)2.2. 2|1 is equivalent to conditions (2) and (3) together, since 
= for p > 2. 

Now assume that statements (1), (2), and (3) are satisfied. If 62 7^ 0, then 
the right-hand side of (|3. 1.1)1 when p = 2 \s congruent to modulo 2^2(^2)^ 
and therefore so is the left-hand side. The assertion now follows, since C2 is 
odd. If 62 = 0, then the right-hand side of 1)3. 1.1(1 when p = 2 is equal to 0, 
and so 6^ = bq for all odd primes q, since C2 7^ 0. But 5^ 7^ 1, so 6g = 0. □ 

Next we need to know when two filtered A-ring structures over Z[x]/(x^) 
are isomorphic. 

Lemma 3.2. Let S = {^^(x) = bpX + Cpx"^} and S = {^/^p(x) = bpX + Cpx'^} 
(where p runs through the primes) be two filtered X-ring structures over 
Z[x]/{x'^). Then S and S are isomorphic filtered X-rings if and only if the 
following two conditions are satisfied simultaneously: 

(1) bp = bp for all primes p. 
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(2) (a) /f 62 = ^2 = 0) then there exists u £ {±1} such that Cp = ucp 
for all primes p. 

(b) Ifb2 = b2^0, then there exist u G {±1} and a E Z such that 

062(^2 - 1) = C2 - UC2- 

Proof. Suppose that S and S are isomorphic, and let a : 5 —> 5 be a filtered 
A-ring isomorphism. Then 

a{x) = ux + ax'^ (3.2.1) 

for some u G {±1} and integer a. Applying the map cr^P, p any prime, to 
the generator x, one obtains 

ail^^^x) = ubpX + {abp + Cp)x^ . 

Similarly, one has 

'il)^a{x) = ubpX + {abp + ucp)x^ . 

Recall from the previous Lemma that 62 = implies 6p = for all odd primes 
p. Therefore, the "only if" part now follows by equating the coefficients in 
the equation a^P{x) = 'il;Pa{x). 

Conversely, suppose that conditions (1) and (2) (a) in the statement of the 
Lemma hold. Then clearly the map a: S ^ S given on the generator by 
(t(x) = ux is the desired isomorphism. 

Now suppose that conditions (1) and (2)(b) hold. The polynomial cr{x) = 
ux + ax"^ extends uniquely to a filtered ring automorphism on Z[x]/x'^. The 
calculation in the first paragraph of this proof shows that, if 6p = for a 
certain prime p, then a%l)'^{x) = ijj^a{x). If bp ^ 0, then (|3. 1.1)1 in the proof 
of Lemma 13.11 implies that 

_ C2 — UC2 _ Cp — UCp 

bl - 62 bj-bp ' 

Therefore, the argument in the first paragraph once again shows that 
aipP{x) = il>Pa{x), and a: S ^ S is the desired isomorphism. □ 

Proof of Theorem M. 'A It follows immediately from Lemma 13.11 and Lemma 
I3.2l that. in the notation of the statement of Theorem ll.31 the S{{cp)) are all 
filtered A-ring structures on Zi[x]/{x^) and that two of them are isomorphic 
if and only if the stated conditions hold. Similar remarks apply to the 
S{{bp),k). Also no S{{cp)) is isomorphic to an S{{bp),k). It remains only to 
show that any filtered A-ring structure R on Z[x]/(x^) is isomorphic to one 
of them. 

Write ipP{x) = bpX + Cpx'^ for the Adams operations in R. If 62 = 0, then 
so is bp for each odd prime p. Then (cp) satisfies condition (2) in Lemma 
13.11 and R is isomorphic (in fact, equal) to S{{cp)). 
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Suppose that 62 7^ 0. Then by Lemma 13.11 the sequence {bp) satisfies 
condition (A). First consider the case when bp = for ah odd primes p. In 
this case, condition (3) in Lemma l3 . II imphes that Cp = for ah odd primes 
p. Let r denote the remainder of C2 modufo 62(^2 — !)• Since r is also an odd 
integer, there exists a unique odd integer k in the range 1 < A; < 62(^2 — l)/2 
that is congruent (mod 62(&2 — 1)) to either r or — r. By Lemma l3.2( R is 
isomorphic to S{{bp), k). 

Finahy, consider the case when 62 7^ and there is at least one odd prime 
p for which bp ^ 0. If 

C2 = 9^2(^2 - 1) + r 
for some integers q and r with < r < 62(^2 — 1)) then r must be an odd 
integer, since 62 is even and C2 is odd. Define 



C2 



62(62 - 1) 



r if 1 < r < 

h fh ^^ -f ^ ^2(62 - 1 

62(62 — 1) — r if r > 



and 



Cq - qbq{bq - 1) if 1 < r < 



2 

62(62 - 1) 



{l+q)bq{bq-l)-Cq if r > ^-^^-^ 

for q > 2. The three conditions (1) - (3) in Lemma l3. II are all easily verified 
for the polynomials S = {^pP{x) = bpX + CpX^}, and so 5 is a filtered A-ring 
structure on Z[x]/(2;'^). Observe that 1 < C2 < 62(62 — l)/2. Moreover, by 
Lemma 13.21 S is isomorphic to R. Equation ()3.1.1|1 implies that, if p is a 
prime for which bp ^ 0, then 

- = n ( A ^2(62 - 1) 

[;^''''gcd{b2{b2-i)Mbp-'^)). 

Therefore, we have 

C2 = (mod 1cm ( z.^^^^^n -tt : all primes ) 

V Vgcd(62(62 - l),6p(6p - 1)) J J 

Now observe that 

, f b2{b2 - 1) „ . \ 62(62-1) 

Icm I — \~r~7i TT • primes p ) — 



lcd{b2{b2-l)Mbv-^)) ' G ' 

where 

G = gcd(6p(6p — 1) : all primes p). 
From the last assertion of Lemma 13.11 we see that 2^2 (;'2) 

is a factor of G, 

and so 62(62 — ^)/G is odd. If 

^62(62 - 1) 
- G ' 

then it follows that I must be odd with 1 < / < G/2 and that 

_ _ /6p(6p - 1) 
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for all primes p. Let pi, . . . ,p„ be the list of all (if any) odd primes for which 
condition (B) holds for the sequence {hp). For each p = Pi, 1 < i < n, we 
have 

and so 

/ = (mod p). 

It follows that 

/ = (mod pi ■ ■■Pn)- 
We have shown that R is isomorphic io S = S{{bp),l), as desired. □ 

4. Proof of Theorem II. (il 
4.1. Proof of Theorem HinKl). 

Proof. First we make the following observation. Consider a collection of 
polynomials 

R = {V'^(x) = bpX + CpX^ + dpX^ : p primes} 

in Z[x]/(x^). Then R extends to (the Adams operations of) a filtered A-ring 
structure if and only if (i) the hp and Cp satisfy conditions (1) - (3) of Lemma 

EH (ii) 

{bl-hq)dp = {hl-bp)dq + 2CpCq{bp-hq) (4.L1) 

for all primes p and q, and (iii) 

{0 (mod p) if p 7^ 3 , , 

^ ^' (4.L2) 
1 (mod 3) li p = 3. 

In fact, (|4.1.1|) and (|4.1.2jl are obtained from (|2.2.1|1 and l|2.2.2j) . respectively, 
by comparing the coefficients of . 

Now restrict to case (1) of Theorem 11.61 i.e. when hp = p for all primes p. 
By condition (3) in Lemma l3. 11 we have that in R, 



^P(x) = px + ^^Pb 1) ^2 ^ ^^^3 (4^^ 3) 

for each prime p. Applying H4.1.1|) to this present case, we obtain 

dp = \v{p-^){{p+^)d2 + c2(p-2))gZ. (4.1.4) 
Let 5 denote the filtered A-ring structure on Z[x]/(x^) with 

^P{x) = {l + xf - 1 
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for all primes p. Define (t{x) by 
a{x) = 



C2 + 1 2 (C2 + 1)(C2 +2) +d2 3 
X H ; X X 



x + 



2 

C2 — 1 



6 



^2 ^ (c2-l)(c2-2) + d2 ^3 



if C2 = (mod 3) 
otherwise. 

2 6 
Extend (t(x) to a filtered ring automorphism on Z[x]/(x^). Using (|4.1.3() 
and (|4.1.4() . it is now straightforward to check that a is compatible with the 
Adams operations V'^ in R and 5 (i.e. aijjj^{x) = ipga{x)), and so it gives an 
isomorphism R = S. □ 



4.2. Proof of Theorem Eni (2). 



Proof. Using the case n = 3 of Corollary II. lUI (i.e. Conjecture C for n = 3), 
which will be proved below, one infers that R is isomorphic to some filtered 
A-ring structure T on Z[x]/(x^) with the following property: There exists 
an integer k G {1, 3, 5} such that 

ip^{x) = ip^{x) (mod x^) 

for all primes p, where S = S{{p'^),k) is as in Theorem 11.31 (2). In other 
words, R must be isomorphic to a "A-ring extension" to Z[x]/(x^) of one 
of the three S{{p'^),k). Therefore, to prove Theorem 11.61 (2). it suffices to 
prove the following three statements. 

(1) The sixty S{k,d2) listed in the statement of Theorem 11.61 are all 
filtered A-ring structures on Z[x]/(x^). 

(2) Those 60 filtered A-rings are mutually non-isomorphic. 

(3) T (and thus R) is isomorphic to one of the sixty S{k, ^2). 

Each one of these three statements is dealt with in a Lemma below. 

Lemma 4.3. Let k € {1,5} he an integer and let ^2 he an even integer. 
Consider the collection of polynomials 

S = i ^P{x) = p^x + — x-" + dpX-" \ , 

where dp for p > 2 is determined by d2 via (ll.H.ljl . Then S is a filtered 
\-ring structures on Z[j;]/(x^). 

Thus, this S looks just like one of those S{k, ^2), except that in S we only 
require d2 to be even. In particular, this Lemma implies that each S{k,d2) 
is indeed a filtered A-ring structure on Z[x]/(x^). 

Proof. We only need to check H4.1.1|) and ()4. 1.2(1 in S, since it is clear that 
conditions (1) - (3) of Lemma ITT] are satisfied by bp = p^ and Cp = kp'^{p'^ — 
1)/12. The condition (|4.1.1() can be verified directly by using ()1.6.1() . which 
expresses each dp in terms of d2- 
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Now consider (|4.1.2|) . The case p = 2 is true by hypothesis. If p = 3, then 
it follows from H1.6.1|) that 



Since k is either 1 or 5, we must have that ^3 = 1 (mod 3). If p = 5, then 
d5 = 260d2 + 35k^ = (mod 5). 

Suppose now that p > 5. We will show that both summands of dp in 
are divisible by p. First observe that 12 = 2^-3 must divide (p — 
l){p + 1). If 5 divides either (p — 1) or (p + 1), then 60 divides (p^ — 1). If 
5 divides neither one of them, then p = 2 or 3 (mod 5). In either case, we 
havep^ + 1 = (mod 5), and therefore 60 divides (p^ — l)(p^ + l) = (p^ — 1). 
It follows that the first summand of dp, namely, p^(p^ — 1)^2/60, is an integer 
that is divisible by p (in fact, by p^). Now we consider the second summand. 
Since p is odd, (p — l)p{p + 1) is divisible by 2'^ • 3, and so p{p'^ — l)(p^ — 4) 
is divisible by 2^-3^. It is also clear that it is divisible by 5. Therefore, 
2^ • 3^^ • 5 = 360 divides p(p^ — 1) (p^ ~ 4) . It follows that the second summand 
of dp is an integer that is divisible by p. This proves the Lemma. □ 

Lemma 4.4. Let S and S' be two filtered X-ring structures on Z[x]/(x'*) of 
the form described in Lemma \4-.'J[ Write k' and dp for the coefficients of 
in tljg,{x) and of in 'i/;^,(x), respectively. Then S and S' are isomorphic 
filtered X-rings if and only if (i) k = k' and (ii) d2 = d^ (mod 60). 

In particular, it follows from this Lemma that the sixty S{k,d2) are mu- 
tually non-isomorphic and that any S as in Lemma l4.3l is isomorphic to one 
of the S{k, ^2). 

Proof. Suppose that S and S' are isomorphic. Since their reductions modulo 
x^ are also isomorphic filtered A-rings and since k,k' € {1,5}, it follows from 
Theorem 11.31 that k = k'. Let a: S" ^ S" be an isomorphism, and write 



(Recall that o means composition of polynomials.) The coefficients of x"^ on 
both sides of this equation give rise to the equality 



12^2 + k'^. 



(4.3.1) 



a{x) = ux + ax^ + f3x^, 
so that u G {il}- Consider the equality 

(V'|ocr)(x) = {ao^l,){x). 



(4.4.1) 



4a + k 



uk + 16a, 



or, equivalently. 



(1 - u)k = 12a. 
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Since 3 does not divide k, the only solution is u = 1 and a = 0. The 
coefficients of in (|4.4.1() then give rise to the equality 

4/3 + ^2 = 4 + 64/3. 

This proves the "only if" part of the Lemma. 

Conversely, suppose that k = k' and d2 = d'2 + 60/3 for some integer /?. 
Let a be the filtered ring automorphism on Z[x]/(x^) given by 

a{x) = x + l3x^. 

Since k = k' and <t{x) = x (mod x^), it is clear that 

('0^ocj)(x) = {ao^^,)(x) (mod x^) 

for any prime p. The coefficients of in (tp^ o cr)(x) and (cr o ip-^,)(x) are 
{p^P + dp) and {d' + Pp^), respectively. They are equal, since 



p 



This shows that a : — > «S" is an isomorphism of filtered A-ring. This proves 
the Lemma. □ 



Lemma 4.5. T is isomorphic to one of the sixty S{k, ^2) listed in the state- 
ment of Theorem \l.b\ 

Proof. The first paragraph of the proof of Lemma 14.31 also applies to T, 
and so the coefficient of x^ in ipj,(x), call it dp, satisfies ()1.6.1() for some 
k G {1,3,5} and some even integer d2- Since (|4.3.1j) holds in T as well, 
it follows that k"^ = 1 (mod 3). Therefore, k must be either 1 or 5. In 
other words, T is of the form described in Lemma 14.31 and, by Lemma 14.41 
it is isomorphic to one of the sixty S{k,d2), as desired. This proves the 
Lemma. □ 



The proof of Theorem ll.61 (2) is complete. □ 

4.6. Proof of Theorem 11.61 (3). This case will be proved below as part 
of Corollary ll.lUl (the n = 4 case of Conjecture B, which follows from the 
n = 3 case of Conjecture C and Theorem 11.81 ). 



4.7. Proof of Theorem Eni (4). 



Proof. Since the reduction of R modulo x^ is a filtered A-ring structure on 
Z[x]/(x^), it follows from Theorem 11.31 (11 that 

',IjP(x) = V'^(x) = (mod x^) 

for all primes p. Thus, R has the form 5((cp), (dp)) as in the statement of 
Theorem 11.61 (4) . 
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Now let S = S {{cp) , (dp)) = {ipP^x) = CpX^ + dpX^} be a collection of 
polynomials satisfying 'ipP(x) = x'^ (mod p). In order to show that S is 
a filtered A-ring structure on Z[x]/(x^), we only need to show that {ip^ o 
ip''){x) = (tp'' o 'iIjP){x) for all primes p and q. This is true, since both sides 
are equal to modulo x^. 

To prove the last assertion, let 

S = S{{cp),{dp)) = {ipP{x) = CpX^ + dpX^} 

be another filtered A-ring structure on Z[x]/(x''). Suppose first that S and 
S are isomorphic, and let a: S" ^ 5 be an isomorphism. Write (t{x) = 
ux + ax^ + Px'^ with u E {±1}- Then we have 

{i/jg o a){x) = CpX^ + {2cpUa + dpu)x'^ 

and 

((TO^?)(x) = UCpX^ + udpX^ . 

Conditions (i) and (ii) in the statement of Theorem 11.61 (4) now follow by 
comparing the coefficients. 

The converse is similar. Indeed, if (cp) = u{cp) for some u G {±1} and 
dp = dp + 2cpa for some integer a, then the calculation above shows that an 
isomorphism a: S — > S is given by 

a{x) = ux + ax'^, 

as desired. This proves Theorem TTM (4) . □ 
The proof of Theorem 11.61 is complete. 

5. Results about the Conjectures 

5.1. Proof of Theorem [TTHl 

Proof. Consider a prime q such that 

~ = ™in{|ap 1^ - ap,i| : p primes}. 

Let S and T be two filtered A-ring structures on Z[x]/{x"') satisfying (|1.8.1|) 
for all primes p, and let a and b be the coefficients of x"~^ in ipg{x) and 
^p!^{x), respectively. We claim that if 

a = b (mod la^^I^ -ag,i|), (5.1.1) 

then S and T are isomorphic. Indeed, if ()5.1.1|) is true, then we can write 

a + Qg^ic = b + a^J^c (5.1.2) 

for some integer c. Consider the filtered ring automorphism a on Z[x]/(x"') 
given by 

o-(x) = x-hcx""\ 
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Then we have that 

(V'5 0f7)(x) = ( ^ ag,i(x + + a{x + 



/n-2 



\i=\ 
/n-2 



aq^iX^ + (a + ag,ic)x 



n-l 



^1=1 



(5.1.3) 



= (o-oV'f^)(a;) 
Now it follows from ()5.1.3p and jlll Theorem 4.4] that 

for all primes p. (It is here that we are using the hypothesis a^^i 7^ for 
all p.) That is, cr: 5 — > T is a filtered A-ring isomorphism, as claimed. It is 
clear that Theorem 1 1 . 81 also follows from this claim. □ 

5.2. Proof of Theorem lOl 

Proof. Write a{x) = X]fc=i ^kx'' and a~^{x) = J27=i particular, 
we have 61 = ci G {il}- Let p be a prime with p > n. Write il^^{x) = 
Sj=i o,jX^ . Considering ipg{x) as a polynomial in Z[x]/(x"^^), we have 

i/;P-(x) = (cr^^ o'ipP^oa){x) 

= Vg(x) + (6^+ia„ + QK, 

in which a is a sum of integers, each summand having a factor of Oj for some 
i = 1, . . . , n — 1. 

If p > n, then ^^(x) = = (modp), which implies that Oj = 
(mod p) for i = 1, . . . , n. Since ipgix) = (mod p) as well, one infers that 
'(/;?(x) = = x^ (mod p). 

If p = n, then we still have 'i'si-'^) = ^ (mod p). But now Op = 1 (mod p) 
and aj = (mod p) for i < p. Since p + 1 is an even integer, it follows that 
ijj^^{x) = xP (mod p), as desired. □ 

5.3. Proof of Corollary Eini 

Proof. Consider the case n = 3 of Conjecture C first. In view of Theorem 
11.91 we only need to show that 



s 

Since tpg{x) = x^ (mod 2) already, it suffices to show that the coefficient 
of x^ in '4)\{x) is even. We will use the same notations as in the proof of 





'!/;|(x) = x^ (mod 2). 
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Theorem 11.91 Observe that the congruence identity, ip'^i^) = (mod 2), 
means that ai and 03 are even and that 02 is odd. Computing modulo 2 
and x^, we have 

i^lix) = X] cj ^ aj{bix + b2x'^y j 

i=i S=i ^ 

3 

= Yl Cialibix + b2x'^f\ 

i=l 

It follows that the coefficient of x^ in tp'^{x) is congruent (mod 2) to 
0102(26162) = 0. This proves the case n = 3 of Conjecture C. 

The proofs for the cases n = 4 and 5 of Conjecture C are essentially 
identical to the previous paragraph. The only slight deviation is that, when 
n = 4, to check that the coefficient of x^ in ^|(a;) is even, one needs to use 
the fact that C2 = —6162. 

As discussed in the Introduction, Conjectures A and B for n < 6 follow 
from Conjecture C for n < 5 and Theorem 11.81 □ 

It should be pointed out that the argument above for the first three cases 
of Conjecture C does not seem to go through for n = 6. In fact, to use 
the same argument, one would have to check, among other things, that 
the coefficient of x^ in '4>'^{x) is even. But this coefficient turns out to be 
congruent (mod 2) to 63. It may be true that one can always arrange to 
have an isomorphism a in which 63 is even, but this is only a speculation. 
Further works remain to be done to settle the three Conjectures for higher 
values of n. 
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